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Abstract 

We analyse the cosmology of a brane world model where a single brane carrying the stan- 
dard model fields forms the boundary of a 5-dimensional AdS bulk (the Randall-Sundrum 
II scenario). We focus on the thermal radiation of bulk gravitons, the formation of the 
bulk black hole, and the holographic AdS/CFT definition of the RSII theory. Our de- 
tailed calculation of bulk radiation reduces previous estimates to a phenomenologically 
acceptable, although potentially visible level. In late cosmology, in which the Friedmann 
equation depends linearly on the energy density p, only about 0.5% of energy density is 
lost to the black hole or, equivalently, to the 'dark radiation' (fi^^ ~ 0.005 at nucleosyn- 
thesis). The preceding, unconventional period can produce up to 5% dark radiation 
{S^d,N ^ 0.05). The AdS/CFT correspondence provides an equivalent description of late 
RSII cosmology. We show how the AdS / CFT formulation can reproduce the correction 
to the standard treatment at low matter density. However, the 4-dimensional effective 
theory of CFT + gravity breaks down due to higher curvature terms for energy densities 
where behaviour in the Friedmann equation is usually predicted. We emphasize that, 
in going beyond this energy density, the microscopic formulation of the theory becomes 
essential. For example, the pure AdS5 and string-motivated AdSsxS^ definitions differ 
in their cosmological implications. 



1 Introduction 



The brane world scenarios of Randall and Sundrum [1„2, have opened new perspectives 
in physics beyond the standard model. The one-brane scenario of [2 (RSII) appears to 
be particularly interesting from the point of view of gravitation and cosmology. 

In RSII, the standard model fields are confined to the boundary of an infinitely 
extended AdSs bulk. Four-dimensional gravity is recovered at length scales above the 
AdS length i. While related models with warped and non-compact extra dimensions 
have been considered before [3] , an extensive discussion has been triggered by the specific 
model of 0. An important reason for this is the proximity of this construction to recent 
more formal developments, such as D-branes and the AdS/CFT correspondence. On the 
phenomenological side, the RSII model demonstrates the extent to which gravity can be 
changed without violating experimental constraints. This is manifest in the existence of 
infinitely many, weakly coupled light modes and in the possibility of an unconventional 
cosmological evolution. 

Although there have been many previous treatments of 'brane cosmology', the ma- 
jority of these focus on either the situation for flat extra dimensions 4|, which is highly 
constrained because of either the problem of bulk gravitons or the radion problem [Hj, 
or on the situation in RSI with the additional 'TeV-brane' and radion problems [Hj. 

In the present paper, we develop the physical picture of the early universe in RSII, 
including in particular the phenomenologically relevant dynamics of bulk gravitons, the 
physics of the bulk black hole, the use of the AdS/CFT correspondence to make manifest 
some properties of the theory in the IR, and the varying early cosmology resulting from 
the possibility of quite different definitions of the theory in the UV. 

The investigation of RSII cosmology and phenomenology was pioneered in [TtlSll^ITU] 
and [THll2pi4|IT^ respectively. The cosmological evolution is most conveniently discussed 
in terms of a moving brane with static AdS-Schwarzschild metric in the bulk. This is 
equivalent to the description with an expanding bulk ^^I- The two main unconventional 
cosmological features are the dark radiation (characterized by the size of the black hole 
in the bulk) and the term in the Friedmann equation. Both effects are governed by 

the 'AdS-cosmology scale' Mc = \J M^/l, where M4 is the 4-dimensional reduced Planck 
mass. In the most radical scenario with £ ~ 1 mm, one has a 5-dimensional reduced 
Planck mass M5 = ^M|/£ ~ 1.1 x 10^ TeV and ~ 0.7 TeV. 

So far, much attention has been devoted to the geometrical brane dynamics and its 
possible extensions I6j and to the evolution of inhomogeneities in the early universe jTT] 
(see [E] for recent reviews). However, the discussion of radiation of gravitons by the 
brane has been less prominent. An estimate of this effect has been given in ^Uj- Other, 
model dependent, sources for dark radiation have been discussed in [19 . . 

We argue that graviton radiation by the hot brane will unavoidably produce a black 
hole in the bulk. If one assumes that the black hole was initially very small (e.g., because 
of inflation on the brane), then the size of the black hole is a calculable function of the re- 
heating temperature. We present a detailed calculation of the rate at which energy is lost 
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to the bulk due to graviton radiation. Our result allows for an extended period in the 
early universe. More specifically, we find that the p period produces dark radiation corre- 
sponding to Vtd^N — 0.005 at nucleosynthesis, while a maximally extended period can 
result in Vtd^N ~ 0.05. These numbers are small since, parametrically, they are inversely 
proportional to the number of brane degrees of freedom (this number, which is (9(100) 
in the standard model, enhances the expansion rate, thus leaving less time for graviton 
production). The contribution of the p^ period is enhanced by a factor ~ ln(Tmax/^c) 
with the respect to the p period, where T^ax is the maximal brane temperature. It is 
interesting to note that gravitons emitted sufficiently early remain bound to the brane 
and fall into the horizon only at the end of the p^ period. Our numerical results for VL^^n 
can be lowered or enhanced by having additional degrees of freedom on the brane or in 
the bulk respectively. From a phenomenological point of view, it is amusing to note that 
the size of VL^ is potentially observable. 

Gubser has initiated an AdS/CFT description of RSII cosmology (see also [20^ ) 
in which the CFT corresponds to the bulk degrees of freedom. The CFT temperature, 
which is the bulk temperature near the brane, is responsible for the dark radiation. 
It is known that the leading corrections to 4d gravity arising from the bulk Kaluza- 
Klein modes are reproduced by the CFT-gravity coupling. We point out that the direct 
coupling of brane fields to the CFT can be responsible for the known p^ corrections in the 
Friedmann equation. In addition, at the same densities when these corrections become 
relevant, higher curvature terms induced by the CFT start to affect the 4d gravity theory. 
These effects, naively suppressed by M4, come in so early because of the large number of 
degrees of freedom of the CFT. Furthermore, we emphasize that the 'UV region' r < I 
of RSII is very different in the string motivated case of AdSsxS^. 

Our paper is organized as follows. After discussing the basic cosmological setting and 
the origin of the bulk black hole in Sect. 2, we derive the energy loss through graviton 
radiation in Sect. 3. Section 4 deals with the AdS/CFT perspective and, in particular, 
with the UV definition of RSII. We summarize and outline interesting open questions 
in Sect. 5 and present some formulae related to the graviton production rate in the 
Appendix. 

2 Basics of late cosmological evolution 

We start from the 5-dimensional action j2] 

^ = / rf^xv/^ f iM|7^ - A5) + / rf'^xv^(/:5Af - A4) , (1) 

which includes the contribution from a 4-dimensional brane with induced metric g^. We 
suppose that the standard model fields characterized by the Lagrangian Lsm are localized 
on this brane. The situation is further simplified by identifying the regions on both sides 
of the brane, i.e., imposing orbifold boundary conditions on the 5-dimensional space- 
time. Our treatment of the dynamics of this system will follow closely the particularly 
clear and compact discussion of Kraus |Bj . 
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The motion of the brane follows from the 5-dimensional Einstein equations. It can 
be characterized most conveniently in terms of the extrinsic curvature K^^ of the brane 
(with brane indices = 0...3). K^^, also known as the second fundamental form, can 
be defined as the projection of 

Kmn = ^mUn , (2) 

(with bulk indices M, = 0...4) onto the brane, where tt-tv is the unit normal. Then the 
brane motion is determined by the Israel junction condition (see also |22]) 

-^/L ~ — 2-^^!/ = ^ {^fj-f ^ fi'4,/ii/^ , (3) 

where the index '+' refers to the side of the brane to which points and the index ' — ' 
refers to the opposite side of the brane. The energy-momentum tensor T^j, follows from 
the brane action in Eq. (jT]). 

For negative A5, the AdS metric 

ds^ = -"^de + r\dxf + ^rfr^ , (4) 

with = 6M^/\A^\, represents a vacuum solution of the 5-dimensional Einstein equa- 
tions. If, in addition, the 4-dimensional cosmological constant, i.e., the brane tension, 
satisfies the relation A4 = 6M|/£, then the Israel junction conditions allow for an empty 
brane to be at rest in the above coordinates, e.g., at the position r = R. 

In this situation, the brane observer sees 4-dimensional gravity at distance scales 
greater than i. The corresponding reduced Planck mass, M4 = 1/ 1/8716*4, is fixed by the 
relation 

M! = Mli, (5) 

where M5 is the analogously defined 5-dimensional reduced Planck mass. Thus, in our 
following analysis, it will be convenient to consider M4 and i as our basic physical 
parameters and M5, A4 and A5 as derived quantities. 

Starting from Gauss's Theorema Egregium (see, e.g., ||2Sj), which expresses the bulk 
curvature near the brane in terms of the intrinsic and extrinsic brane curvatures, and re- 
placing the extrinsic brane curvature with the brane energy- momentum tensor according 
to Eq. Q, one arrives at [H| (see also p4] ) 

M^nl^ = T^u - ^rg^^^^ - j^r^ " ^^^4,pi.) + M257^J^^^^^ • (6) 

Here Tf^^, = T^y + A^g^^f^^, is the matter contribution to the brane energy-momentum 
tensor, 7^^^, is the brane Ricci tensor and STZ^^p^^ is the brane projection of the deviation 
of the bulk curvature tensor from its pure-AdS value. As will be discussed in detail below, 
the 'AdS-cosmology scale' 

M, = ./mJe (7) 

plays a prominent role in the cosmology of the Randall-Sundrum model. It is intermediate 
with respect to the AdS-scale l/£ and the 'strong gravity scale' M5 = \/Ml/i since, in 
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the physically interesting limit l/£ <C M4, one has l/£ -C -C M5. Equation © 
reduces to the Einstein equation for the induced brane metric in the limit where the 
bulk is pure AdS and energy densities on the brane are much smaller than M^. 

To discuss cosmology, we have to introduce hot matter on the brane. In this situation, 
the bulk solution, Eq. Q, is not general enough. The reason for this is the unavoidable 
graviton radiation off the brane. No matter how small the amount of energy lost to the 
bulk might be, it will fall deep into the AdS bulk and produce, at least if back-reaction 
on the metric is neglected, an arbitrarily high local energy density. The only plausible 
physical resolution of this problem that we are aware of is offered by the creation of a 
black hole in the bulk. 

To see this more explicitly, consider the trajectory of a graviton radiated at time 
t = by a static brane at position R. At large t, this trajectory is given by 



1 + siny9 tsiny9 

where (/? is the angle between the initial graviton momentum and the brane. (The de- 
pendence on this angle is obtained most easily by considering brane-perpendicular ra- 
diation first and then boosting the configuration along the brane.) Assume next that a 
3-dimensional energy density Ap is lost to gravitons with angles between and -|- A(y9. 
At large t, these gravitons will be found in a slice of the AdS bulk of invariant thickness 

£ , £ £^ cos 09 , COS 09 „ ^ 

-Ar~ ^•A(/?~ --It^Lp. (9) 

r r t sin Lp sin Lp 

Note that the separation of gravitons in r direction due to different times of their emission 
from the brane is small compared to the separation due to different angles of emission. In 
the rest frame of the matter on the brane, the brane-parallel components of the graviton 
momenta are isotropically distributed. Therefore the radiation in the above slice Ar has 
its own 'rest frame'. In this frame, the momenta in r direction vanish and the momenta 
in brane direction are blue-shifted by a factor Rjr with respect to their original values. 
Furthermore, the density in brane direction is increased by a factor {R/rY due to AdS 
geometry. Thus, the 4-dimensional energy density of the radiation at position r, measured 
in its own rest frame, is given by 

Ap fR\^ Ap fR\^ , , 

p^ ~ .... . — cos 09 ^ — — — smo9 . (10) 
(£/r)Ar \r ) ^ iAipKr) ^ ^ ' 

This local energy density diverges as r — > and we are forced to conclude that eventually 
a horizon will form, hiding any possible super- Planck- scale effects from our view. Thus, 
the relevant bulk metric is given by the AdS-Schwarzschild solution 

ds" = -f{r)de + r''{dxf + /(r)-Mr2 (11) 

with 
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where is the position of the black hole horizon. 

Now the Israel junction conditions or, equivalently, Eq. ^ lead to the following 
equation of motion for the brane: 

where R = dR/dr and r is the proper time of the brane observer. Since the brane metric 
is given by 

dsl = -dr"^ + R^{dx)^ , (14) 

the small-p and small-r/i limit of Eq. (fT^ reproduces the familiar 4-dimensional Fried- 
mann equation. Deviations are characterized by Mc- On the one hand, Mc determines 
the scale at which the term in Eq. ()13|) becomes important. On the other hand, it 
sets the scale of the last term on the rhs of Eq. This term, which contributes to 

the expansion rate like an energy density pd of 'dark radiation', is ~ if the brane is 
near the black hole horizon, R r^. Furthermore, as will be discussed in detail in the 
next section, the radiation of bulk gravitons competes with the Hubble expansion rate 
H = R/ R aX. brane temperatures T > Mc. 

Let us add a comment concerning the position of the horizon (or, equivalently, the 
size of the black hole) characterized by r^. As can be seen from Eqs. pH) - (fT^ . the 
absolute value of this quantity is not physical. In fact, nothing changes if one rescales 
the bulk coordinates and the positions of brane and horizon according to 

^ ax^ , r^r/a and R^R/a , rh-^rh/a, (15) 

with some real number a > 0. The important physical parameter is the ratio Vh/R (see 
Eq. ()13|)). Note furthermore that this degeneracy is lifted if one considers closed or open 
geometries, where /(r) = k + r^/£^(l — r\/r'^) with k = ±1. However, since we are only 
interested in the early universe, we will primarily consider the flat case with k = 0. 



3 Dark radiation and graviton emission into the bulk 

Let us start with the cross section for the production of bulk gravitons by matter on the 
brane. If the cms-energy of the collision is large compared to particle masses, ^/s ^ m, 
and to the typical scale of the AdS-space curvature, i/i ^ l/£, the only relevant scales 
in the process are ^/s and the 5-dimensional Planck mass. Since the cross section has to 
be proportional to the 5-dimensional gravitational coupling, we expect a{s) ~ y/s/M^ 
on dimensional grounds. ^ 

^This result differs from what is implied by Eq. (33) of [TO] (see also our Eq. (|f Ofl l. The discrepancy 
arises because the estimate of Ref. ^Hl is based on the leading corrections to 4-dimensional gravity. By 
contrast, we find that the relevant regime is ^ l/£, i.e., truly 5-dimensional gravity. As a result, we 
get weaker bounds and high allowed brane temperatures. 
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The exact results, which are derived in the Appendix utihzing previous work of ^1 
1^ . can be summarized by writing 

The appropriate numerical constants for the cases of scalars, vector particles and fermions 
(with initial-state spin averaging included) are given by 

cs = ^ ' '^ = \ ' 'f = T6- ^^^^ 

In a hot plasma, the reaction rate per 3- volume is obtained by thermally averaging the 
cross section a for the process under consideration and multiplying it with the squared 
number density n of the initial state particles (see, e.g., Ref. j2Sl)- Analogously, the total 
rate of energy loss due to bulk graviton radiation is obtained by thermally averaging 
the product of cross section and lost energy (to avoid double counting the number of 
interactions between identical particles, a factor 1/2 has to be included): 

Ap = -^{av,,i ■ E)n^ = ~J d% d?p2 f{Ei)f{E2) av,,i ■ {E^ + E^) . (18) 

Here f{E) = K,{27T)^^{exp{E /T) ± 1)~^ is the distribution function for bosons (minus 
sign) or fermions (plus sign) with k spin degrees of freedom and Wrei is the relative velocity 
of the colliding particles. Using the cross section of Eq. (fTH|) and setting particle masses 
to zero, one finds 

in the bosonic case. An additional factor = (1 - 2-^/'^){l - 2-'^/^) ~ 0.750 arises m 
the fermionic case. 

Summing the different particle species and normalizing to the total energy density 
of a relativistic gas one obtains 

where 

C = 0.574 • + + "^^^ , (21) 
gs + gv + {7/8)gf 

for Qs scalar, Qy vector, and Qf fermionic degrees of freedom. The factors 2 in front of Qy 
and Qf are due to the 2 spin degrees of freedom of massless vector particles and fermions. 
In the standard model, Qs = 4, Qy = 24 and gf = 90, leading to C = 0.112. 

At sufficiently late times, the expansion of the universe is governed by 4-dimensional 
gravity. To be more specific, this period is characterized byl/iJ^£orp<^ Mc, 
which means that the term linear in p dominates the rhs of Eq. (fT!?|l ('p period'). In this 
situation, effective 4-dimensional energy-momentum conservation ensures that the loss 
of energy- density on the brane is equal to the gain of dark energy-density pd, 

Ap + Apa = 0, (22) 
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where both p and pd scale hke radiation: p = —AHp + Ap and pd = —AHpd + Apd- 
Thus, even if pd = at some initial time ti, it will develop a non-zero late-time value 
characterized by Qd = Pd/ (p + Pd)- If Pd -C p, we have 



where the integrand is given by Eq. ()20j). Employing the relation p = g^^i^n"^ /30)T^ (where 
is the effective number of degrees of freedom, g^ = gs + 9v + ij /^)9f )> the temperature 
factor can be expressed through p. Now the integral in Eq. (j23p is easily performed, 
giving the result 

where pi is the radiation density at r = ri. The largest value of pi compatible with linear 
p behaviour is pi ~ 12M^ (cf. Eq. (fTT^ ). leading to 

n.^^. (25) 

Assuming that the evolution of the universe after the decoupling of bulk gravitons (which 
is complete soon after the beginning of the p period) respects entropy conservation, one 
finds that at the time of nucleosynthesis 




^d,N = fi, . (26) 



Here (7^ tv — 10.75 is the number of light degrees of freedom at nucleosynthesis. Thus, 
one arrives at the result that bulk graviton production during the complete p period 
only gives rise to VLd = 0.0044, i.e., somewhat less than 0.5% of energy density in dark 
radiation. The smallness of this contribution is a direct result of the large number of light 
fields on the brane, which leads to a fast expansion and a correspondingly fast cooling 
of the universe. 

The above result is encouraging for two reasons. First it implies that late cosmological 
evolution in the RSII model is quite safe (although not without a potential signature in 
future accurate CMBR measurements) even assuming the most extreme values for i and 
M5. Second it allows for a cosmological p^ period with hot matter on the brane. However, 
also during the p^ period matter is lost to dark radiation and we have to calculate the 
resulting contribution to fid- Since we do not have effective 4-dimensional gravity during 
the p^ period, the energy lost by the brane is not necessarily the same as the energy 
found at late times in dark radiation, Qiost 7^ f^d- Equation ()23|) is still valid, but with 
the Ihs replaced by fliost and with ti as the upper limit of integration. 



^lost = dr (^-yj • (27) 
Here tq is the earliest time at which our analysis is valid, e.g., the time of reheating. 
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The Friedmann equation in the period, 



6MlH = p, (28) 

which follows from Eq. (jl3|) in the limit p ^ Mf, implies that p ~ 1/r and H = (l/4r). 
In this situation, Eqs. and (P7jl give 



n 



lost 



1^„(,„/,0^!H.1,„(M,,/123/^). (29) 



The last approximate equality follows by assuming po — ^5 ? the highest density compat- 
ible with weakly interacting gravity. This result shows an enhancement by a potentially 
large factor (1/3) ln(M4£) compared to Eq. 

We still have to adress the question of how fliost at the p^ period translates into fid at 
late times. This is most easily done from the brane perspective. During the p^ period, the 
brane moves with almost speed-of-light through the AdS bulk (a natural bulk rest frame 
can be defined by the black- hole horizon or, equivalently, by the late-time limit, where 
the brane is almost at rest). The (absolute) acceleration of the brane can be calculated 
using the standard formula 

a^^ = M^V^M^, (30) 

where = dx^^/dr is the velocity of a particle at rest on the brane. Multiplying 
this acceleration with the brane normal vector n^^ (which is, in fact, the direction of the 
acceleration) and making use of the orthogonality relation n-u = hmu^ = 0, one derives 

a = n ■ a = —u^u^Vm'^n ■ (31) 

This is precisely the rr component of the extrinsic curvature K^y. Using the Israel 
junction condition, Eq. (jSj), and defining n^'^ to point into the direction of increasing r, 
the acceleration is found to be 

(A4 + P). (32) 



2M,3 



Notice first that this provides a nice physical interpretation of the Israel junction con- 
dition: the brane motion is determined by the brane acceleration, which, in turn, is 
determined by the energy density on the brane. Furthermore, deep in the p^ period, the 
brane can be thought of as accelerating into the direction of decreasing r with a ~ p/M|. 
This implies that gravitons radiated by the brane are accelerated towards the brane with 
the same acceleration a. Since, in a thermalized situation, gravitons are emitted with 
smooth angular distribution, most of them will fall back onto the brane after having 
reached a maximal distance 

(33) 

a p 

Clearly, this discussion becomes invalid if ci > since then the AdS curvature takes over 
and determines the future path of the graviton. In this situation, the graviton will not 
return to the brane but fall into the black hole horizon. 
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The critical value of p is determined Eq. (j33j) with a ~ l/£, 



p-^-Ml (34) 

This means that virtually no gravitons leave the vicinity of the brane during the 
period. Instead, the gravitons radiated by the brane remain gravitationally bound to the 
brane and fall into the black hole only at the end of the p^ period, when the motion of 
the brane becomes non-relativistic. 

Between its initial emission and its final fall into the horizon, each graviton can 
bounce off the brane many times. During this process, the graviton momentum parallel 
to the brane remains unchanged except for the trivial redshift factor associated with the 
AdS geometry. However, the momentum transverse to the brane decreases dramatically. 
This is seen most easily by observing that, in the black hole frame, the graviton is reflected 
many times by the retreating brane, losing part of its momentum in the r direction with 
each reflection. 

Thus, we expect that the p^ period contributes an amount Vtd = aVLiost (with a < 1) 
to the late-time dark energy fraction. A lower bound on the constant a can be derived 
by assuming that only the energy going into the brane-parallel motion of the radiated 
gravitons will survive the multiple reflection phase and make it into the black hole hori- 
zon. This corresponds to replacing the factor {E1 + E2) in Eq. (fT8|l by |pi+P2|- Recalling 
that cr ~ ^/s and v^d = 1 — cos^, one finds 

^ jd^Pid^P2f{E,)f{E2)^s{l - cose) |pi . . 

" J d^p^ d^P2 f mf iE2) cos 9) {E, + E2)- ^ ^ 

To get an estimate, we use the relation 



IP1+P2I = ^JEj + El + 2E1E2 cose > {Ei + E2)^J{l + cose)/2, (36) 

where 6 is the angle between pi and p2 and the equality is realized for Ei = E2. 
Since y/s ~ a/1 — cos 6' and since the angular integration is performed with the mea- 
sure d{cos9), the following bound can be derived: 



j\d{cose) y'(l + cose)/2 (1 — cos 6*)^/^ Stt 
" ^ j\dcos9il-cos9y/^ " 32 ' ^^^^ 

Thus, we find 0.5 < a < 1, and the maximally extended period produces a dark energy 
contribution 

fi. = ^ ■ f ln(M4£/12=^/2) , (38) 

where C is defined in Eq. (jUJ). Even for the conservative number a ~ 0.5, this clearly 
dominates over the contribution from the p period and corresponds, in the most opti- 
mistic scenario with £ ~ 1 mm = 1/(0.2 meV), to ^d.N — 0.05. Such a value is marginally 
consistent with present nucleosynthesis bounds and would probably be visible in future 
CMBR analyses. 
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As we discuss in the next section, the role of the black hole in late cosmology has 
a nice interpretation in the AdS/CFT correspondence. However, the p^-period depends 
crucially on which definition of RSII cosmology is chosen - that inherited from the 
AdS/CFT correspondence, or the above naive 'brane in AdSs' definition. 

4 The AdS/CFT definition 

Many of the confusions concerning the early cosmology of RSII stem from the fact that 
there are various definitions of the theory, which accord with each other in the IR, but 
which can differ in their high-energy and high-temperature behaviour. The first definition 
is that employed by RSII and is the one used in the previous sections. Specifically, this 
involves a brane whose motion continues to be well-described by five-dimensional gravity 
at length scales below the AdS length ^, the 5d gravity description only breaking down 
at the fundamental 5d Planck length I/M5. 

The second definition, which we now discuss, arises from the AdS/CFT correspon- 
dence P71l28tl29j . Although more complicated in detail, this definition has the significant 
advantage that it is embedded in a richer context, allowing in principle a self-consistent 
discussion of high-energy (and high-temperature) effects via the connection to string 
theory. 

Let us recall some basic aspects of the AdS/CFT correspondence in the most stud- 
ied case. IIB string theory on AdSsxS^ is conjectured to be equivalent to an A/" = 4 
supersymmetric Yang-Mills conformal field theory on the boundary of AdSs. Defining 
the 't Hooft coupling of the boundary SU{N) SYM theory A = Oym^i the relation 
between the parameters of the theories is 

9'yM = ^-9s , (|)'=(x)' = ^' ^^^^ 

where Qs and Cg are the string coupling and length, and Rs^ is the radius of the S^. That 
the boundary of the full 10-dimensional space is just 4-dimensional is easily seen from 
inspecting the AdSsxS^ metric 

ds" = 4 {dz^ + dx^ + zHn''^ (40) 

in the limit z ^ 0. Note that the radius of the S^ part of the background, as measured 
by an observer located at z = £, is £. This feature is quite generic, applying to the 
broad class of backgrounds of the form AdSsxMs, since it derives from the ballancing of 
curvature contributions from the AdSs ^.nd M5 in the bulk equations of motion. 

The precise fashion in which these two theories correspond is most easily described 
in terms of the generating functional of correlation functions for the boundary theory 

Z[^l){x)] = /exp / dx^{x)0{x)) (41) 
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where 0{x) are a complete set of operators of the boundary theory, and i(j are, for the 
moment, just the associated sources. The proposal of Refs. [23121] is to identify 
with the functional integral of the AdSsxS^ theory, with specified boundary behaviour 
for the fields: 



In the limit of large N and large 't Hooft coupling A, the bulk IIB string theory goes 
over to its (super)gravity limit in the tree approximation. In fact, a similar correspon- 
dence with a 4d boundary CFT is believed to apply much more generally for any grav- 
ity theory formulated on AdSs. In particular we will, for simplicity, consider the non- 
supersymmetric case in the following. 

It is important that, because of the short- distance singularities of the correlators, the 
above expressions must be regulated so that they are well-defined. A natural way of doing 
this is to impose the boundary conditions at a finite cutoff z = Zc rather than ai z = 0. 
By the Weyl rescaling symmetry of the coordinates {z,x), changes in the z coordinate 
of AdSs can be reinterpreted as changes in the energy scale of the CFT process under 
consideration, with z —>■ corresponding to the UV limit of the boundary conformal 
theory. Thus the cutoff at z = z^ implements a UV regulation of the boundary theory. In 
order to get a well-defined limit as the cutoff is removed, z^ — > 0, the boundary theory 
must be supplemented by counterterms depending on the boundary values of the bulk 
fields. Moreover, the cutoff at z = Zc also allows the normalizability of the bulk AdS 
graviton zero mode, the existence of such a mode implying that the regulated boundary 
theory now also couples to dynamical gravity. In the limit of Zc — > 0, the boundary theory 
becomes a pure CFT decoupled from gravity, the effective Planck mass of the boundary 
theory M4 going to infinity as the graviton zero mode becomes non-normalizable. 

In the specific case we are interested in, this cutoff is implemented by a physical 
'Planck brane' located at Zc. This Planck brane provides a physical cutoff for the bulk 
theory and the theory on the Planck brane is a 4-dimensional CFT coupled to dynamical 
4-dimensional gravity arising from the graviton zero mode. The CFT degrees of freedom 
are just the new expression of the bulk Kaluza-Klein modes of the graviton in this 4d 
'holographic' approach. 

Following Refs. |HUlllUpi2j . it is useful to be more explicit about the result of this pro- 
cedure in the simple case where the only bulk field is the 5-dimensional metric g5{x, z), 
with boundary value g^i^x) at the Planck (regulator) brane at Zc-"^ The boundary op- 
erator for which is the source is just the energy-momentum tensor T^prp of the 
CFT, so the integration over all bulk metrics will lead to the generating functional 
Z[g4] = (exp(— / 5'4,/i!/T^FT))cFT for correlation functions of Tcft- In addition, counter- 
terms in the boundary metric g4^fj,u must be added. Together this leads to a boundary 

^In addition, we suppose that there are fields (p localized to the Planck brane which represent the 
standard model degrees of freedom. In general, string theory imposes strong consistency requirements 
relating the spectrum of brane- localized fields to the bulk field content, so our assumption of 55 as the 
sole bulk field is not really justified. However it is sufficient to illustrate the point at hand. 




(42) 
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theory described by the effective action 

Sm[94, v] = J d^x^, I C{^) - ]^Mln - + ...}. (43) 

Here 7^2 = —T^^'^T^^iu/^ + 7^.^/24 is the leading higher-derivative pure metric piece of 
the counterterm action, and 64 = cf{zc) where f{zc) is a function that has a log(2;c) 
singularity as Zc — > 0, and c = 27r^(M5£)^ is the central charge of the boundary CFT. 

At long distances this effective action correctly reproduces the gravitational potential 
between two masses located on the Planck brane including leading corrections: 

, 17111712 flf\ 

for r ^ £, and a a numerical coefficient. In the original bulk AdSs picture, the 
correction is due to the exchange of the continuous spectrum of Kaluza-Klein modes, 
while in the boundary CFT + 4-dimensional gravity description, the correction is due to 
the two-point function of the CFT energy-momentum tensor with two external 4d gravi- 
ton propagators {1 / p^) {T {p)T {—p)) {1 / p"^) ~ \ogp^. Recall that the two-point function 
of TcFT satisfies 

{T{p)T{-p)) r^cp'^ \ogp^ (45) 

with c the central charge. 

Note that an inspection of the calculation of Ref. |^ shows that for fixed 4d Planck 
mass, M4, the central charge c/27r^ = (Msf)^ = (M^i)"^ of the boundary CFT depends 
only on the geometry of the AdSs (through the parameter £). In particular, for equal 
values of i, the two theories defined by taking the geometry to be respectively either 
AdSs or AdSsxS^ have the same 4d CFT -|- 4d gravity description in the IR.^ Since the 
theories most certainly differ for length scales r < i (the static gravitational potential 
behaving as V{r) ~ or ~ in the two cases), the 4d CFT + gravity description 
must break down at r ~ £ due to the existence of new strong couplings possibly involving 
new degrees of freedom. 

As pointed out by Gubser [TU], the CFT perspective is particularly useful for a 
physical understanding of the dark radiation term in the Friedmann equation. The AdS- 
Schwarzschild geometry implies, by continuation to Euclidean space, a black hole tem- 
perature Tbh = rh/iri'^. This corresponds to a local temperature T(r) = Tbh/ -y/ f{r) in 
the bulk [HI]. For R ^ Vh, the temperature near the brane is T{R) ~ rh/{niR)- Thus, 
the brane observer interprets the CFT, represented by the bulk degrees of freedom, as 
being heated to this temperature. At weak coupling, the energy density of the heated 
CFT is given by p = 2t{'^ cT^. Taking into account the famous factor 3/4 (see, e.g., [^). 
which is due to strong coupling effects in the CFT, one finds 

37r2 

p = [nm' , (46) 

■^In fact, because of the isometrics of S^, the IR CFT of the AdSsxS'^ has additional conserved 
currents. However, the central charge and thus the late cosmology of the two models is the same 
(cf. Eq. IIH)). 
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which is precisely the dark radiation term of Eq. (jl3|) . Note that, phenomenologically, 
T{R) has to be much smaller than the standard model temperature on the brane. Other- 
wise, the dark radiation completely dominates the total energy density due to the large 
number of degrees of freedom of the CFT. 

Near the horizon, /(r) goes to zero and the local bulk temperature diverges. Nev- 
ertheless, the brane observer in a cosmological setting sees an effective bulk temper- 
ature T = rh/{TTiR), since the red-shift factor from the brane motion in the black- 



hole rest frame compensates the singular behaviour of l/y/(r). We have, at present, 
no deeper understanding of this intriguing fact. Note, however, that the naive formula 
T(r) = Tbh/ ^/(r), which underlies the above discussion, should in itself be questioned 
near the horizon, since it is in principle affected by the ambiguities of the definition of 
the black- hole vacuum state (cf. [HH]). 

In the cosmological context of the earlier sections, an immediate question is if the 
correction in the Friedmann equation is similarly reproduced by the AdS/CFT 
description Eq. ()4H|1 . At first glance the answer appears to be no, as the yj-matter energy- 
momentum tensor derived from C{ip) couples linearly with (74,^1,. However, the existence 
of the higher-derivative terms 7^2 = -7^^''7^^^/8 + 71^/24 in the 4d action Eq.^ leads 
to an effective correction.^ (Recall that these higher- derivative terms are predicted 
by the conformal anomaly of the boundary CFT and occur with coefficient 64 enhanced 
by c.) To see this, consider the Friedmann equations in the limit that p <^ M^; in this 
case the Hubble length ^ i. Then in the leading approximation ~ p/Mf, and 
substituting this back in to the higher- derivative TZ^ terms gives 

64 (-7^^^7^,./8 + 7^V24) ^ ciJ^ ^ ^ = ^ , (47) 

the required p^ term. The coefficient of this effective p^ correction can vary, though, 
depending on the definition of the UV theory. For example, the boundary action Eq. ^Hjl 
can contain an additional higher-dimensional counterterm that is not forbidden by any 
symmetry: 

4 



Such an operator directly linking the CFT with the brane-localized matter has recently 
been invoked (S^ to explain the corrections to the gravitational potential found in 
the Lykken- Randall 'probe-brane' scenario [32] (see also |13])- Via the use of the Tcft 
two-point function, this operator in turn implies the additional interaction 



which, for homogeneous and isotropic radiation = diag(p, — p/3, — p/3, — p/3), leads 
to a term (taking the cutoff for the Planck brane theory to be M4) 

2 

^ After completion of this paper we were kindly informed of the recent work of Ref. |34|. where the 
correct coefficient of the term in the pure AdSs case has been verified. 
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on the rhs of the Friedmann equation. 

Thus it is possible to account for the term in the modified Friedmann equation, 
Eq.(|13p. from a CFT description, although the exact coefficient of this term depends 
on the UV definition of the theory. In the case that the UV (r < €) theory is just the 
brane in AdSs, then, by definition, the CFT version must exactly reproduce the term in 
Eq. ()13|) . Alternatively if the theory is the string- motivated AdSsxS^, then the term 
can receive further corrections. 

Despite the existence of the correction to the Friedmann equation, we wish to em- 
phasize that the unusual cosmological 'p^-behavior' where this term dominates (occurring 
for p > M^) is not physically accessible in the string motivated AdSsxS^ definition of 
the theory. The reason for this is simply that for the string coupling Qs < ^ (which can 
always be arranged by suitable strong to weak coupling duality transforms) the string 
scale satisfies Lj^ ~ gl/'^^M^/i^y/'^ ~ gl/^^^M^/M^y/^ < M^. Thus one encounters the 
full string theory well before one reaches the scale at which behaviour begins. 

5 Summary and Comments 

In this paper we have considered some of the cosmological issues raised by taking the 
Randall-Sundrum II framework to describe our world. The Randall- Sundrum II proposal 
assumes that the SM degrees of freedom are localized on the 'Planck brane' and are 
therefore described by a conventional (3+l)-d quantum field theory up to high scales; 
thus the successes of, for example, supersymmetric gauge coupling unification are not 
necessarily spoiled. However, RSII does not itself provide a solution to the hierarchy 
problem - one must still assume supersymmetry or technicolour, or some other as yet 
undiscovered mechanism, to solve this problem for the Planck-brane QFT; on the other 
hand, gravity is dramatically modified leading to new effects, especially in early universe 
cosmology, and associated constraints or signals. RSII provides an interesting laboratory 
for exploring modifications to gravity and early universe cosmology. 

There are two immediate new effects in RSII cosmology. The first is that the motion of 
our Planck brane in the AdS bulk leads to a correction to the usual Friedmann equations 
for the scale factor - the well known p^-term. The second is the possibility of radiation 
into the AdS bulk, and the formation of a black hole in the AdS spacetime. Both of 
these issues have been previously studied. However, we argue that the amount of 'dark 
radiation' that could be produced during the linear-in-p and p^ epochs in the early 
universe was overestimated in previous treatments. This leads to the false conclusion that 
the Planck brane temperature could never be high enough to reach the p^ region. We 
give a detailed account of this radiation and further show that the formation of the bulk 
AdS-Schwarzschild background is a necessary consequence. The numbers that we find for 
the dark radiation are in a region that is accessible by future more precise cosmological 
measurements. In particular, we predict dark radiation at nucleosynthesis with Qd,N — 
0.005 from the p regime and ^ld,N ^ 0.05 from the p^ regime. The precise amount of the 
contribution from the p^ regime depends on the maximal brane temperature in the early 
universe. 
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Another important ingredient of our paper is the extended discussion of RSII cosmol- 
ogy in the framework of the AdS/CFT correspondence. We show how, for small brane 
energy densities, the manifestly 4-dimensional CFT description can reproduce the pre- 
dictions of the standard definition in which the Planck brane moves in AdSs according 
to the Israel junction conditions, including the corrections to the Friedmann equa- 
tions. However, we emphasize that there exist different definitions of the theory in the 
'UV region' r < i, and the precise size of the corrections depends on this UV the- 
ory. In the general case, the corrections to the cosmological evolution arise both from 
higher-derivative terms in the curvature and higher-dimension operators connecting the 
on-brane matter directly to the CFT. Because of the large central charge of the CFT, the 
coefficient of the higher curvature terms is greatly enhanced over its naive value, indicat- 
ing a precocious breakdown of the 4d effective theory. In the case of the string-motivated 
definition on AdSsxMs, the 'p^-region' where the term dominates the evolution is not 
physically accessible. 

There are many additional physical questions that either deserve further attention 
or have not been discussed at all. These include a further analysis of the near horizon, 
{R—rh)/rh <^ 1, behavior of the 'Israel' brane theory, and the inclusion of the many more 
bulk fields (in addition to the graviton) that are likely to accompany the construction of 
even a semi-realistic model. At low energies, the manifestly 4-dimensional CFT+gravity 
description is likely to be useful to analyse such questions as the production and evolution 
of the cosmic microwave background fiuctuations. Concerning the UV definition of the 
RSII theory, an important general point about the string- motivated AdSsxMs definition 
is that it encodes a consistent description of the theory in the high-energy regime, with 
different physical behaviour from the standard 'Israel' definition. 
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Appendix 

In this appendix, we briefiy describe the calculation of the cross sections for the produc- 
tion of bulk gravitons by scalars, fermions and vector particles on the brane. The effec- 
tive 4-dimensional Lagrangian for the graviton Kaluza-Klein modes and their coupling 
to matter has been derived, e.g., in Ref. ^1]. To properly normalize the bulk excitations, 
one introduces a regulator brane at r = iexp{—L/i) and takes the limit L ^ oo at the 
end. In the transverse traceless gauge, where the graviton fields Hf^^-^ satisfy H^^-^ ~ ^ 
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and g^yH'^^^ = 0, the Lagrangian reads^ 

^ n n 

where, in the hmit m„ ^ l/£, 

mn = \ nvre-^/' and A„ = e-^/'' . (A.2) 
£ M4 ^ ^ 

For each n, the operator H^J^ represents simply a massive spin-2 field with 5 physical 
degrees of freedom (see, e.g., [SZj)- Thus, introducing the 5 polarization tensors £^^l{q) 
(with £{;^(g)e{'/)(g) = 5]), the final state spin sum in the production of a graviton with 
momentum q can be taken multiplying the squared amplitude with 

E 4*^(9)^^(9) = g^^agu(3 - \g^,uga|3 + ( terms ^^q^,, qu,qa or g^j ) (A.3) 

and summing over fiu and a/3. Terms ~ g are irrelevant since the energy-momentum 
tensor T'^'^ in Eq. ()A.1|) is conserved. 

Since we will mainly be interested in cms-energies in the TeV region, we disregard 
the masses of brane degrees of freedom in the following calculation. In the case of one 
real scalar field, the energy-momentum tensor in Eq. (jA.lll is given by 

T^. = d^ipd.ip - ^g^^Ad^Y . (A.4) 

Now it is straightforward to derive the Feynman rule for the ifipH vertex and to calculate 
the total ifif annihilation cross section after the sum over n is replaced by an integral 
over the final state mass m = ^/s according to 



^ ^ ie^/^ dV^. (A.5) 



TT 

Similarly, the annihilation cross sections for two vector particles (e.g., two photons) and 
for a fermion-antifermion pair can be obtained by substituting the energy-momentum 
tensors 

T^. = -F^pFP + -^g,,F'' , (A.6) 

with F^i, = d^Ay - dyA^, and 

T/.. = '-^ [1^ du +lu df?j ^ (A.7) 

into Eq. (jA.ljl . The resulting cross sections are given in Eqs. fll6|) and (|T7j) of the main 
part of the paper. 

'^Note that we have changed the normaUzation of iJ^^ by a factor of \/2 with respect to Ref. ^31 to 
give the graviton fields a canonical kinetic term. 
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Note that, since we are only interested in the hmit a/s ^1/^, the AdS nature of 
the bulk has no physical significance. Therefore, our result can be compared with the 
graviton production cross section on a brane in a fiat, 5- dimensional bulk (the ADD 
scenario with one extra dimension if the 5-dimensional gravitational constants are 
identified. Indeed, one can check explicitly that the one-graviton exchange amplitude 
calculated in the framework of this appendix (where i/{—q^ — ml) J2j £^,iKQ)^aliQ) ) 
the graviton propagator) is identical to the result of Ref. j2Sl (see Eqs. (69)-(71) with 
5=1). 
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